We study the quantum tunnel effect through a potential barrier employing a semiclassical formulation of quantum mechanics based on expectation values of configuration variables and quantum dispersions as dynamical variables. The evolution of the system is given in terms of a dynamical system for which we are able to determine effective trajectories for individual particles, in a total resemblance of the Bohmian description of quantum mechanics. We obtain a type of semiclassical confinement for particles in a similar way as with the quantum potential, and also determine a semiclassical transmission coefficient for the tunneling process.
Introduction
Quantum tunneling, the microscopic phenomenon where a particle can penetrate or pass through a potential barrier, can be considered as one of the defining phenomena of quantum mechanics; it is observed in general physical phenomena that appears whenever the system is described by a wave equation or a wavepacket scattering off some physical barrier, as in optics [1] for example. It has no classical analog: the passage of a particle trough a potential barrier when its maximum is higher than its kinetic energy is not allowed by the laws of classical dynamics: tunneling is a direct consequence of the matter wave structure of quantum mechanics.
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Just after the appearance of Schrödinger's equation and theoretical evidence of quantum tunneling was obtained the tunnel effect was proposed as the physical mechanism explaining both the field electron emission [2] and the alpha decay [3] , which were the first successful applications of quantum theory to nuclear phenomena [4] . Several other remarkable application of the tunnel effect followed: problems related to the spectra of molecules [5] , molecular and condensed matter physics [6] , the tunnel diode and electron tunneling in solids [7] , superconductivity [8] engineering and manufacturing of aggregates on the nanoscopic and mesoscopic scale and many others. All of this has paved the way for a very fruitful exchange of experimental techniques and theoretical concepts in atomic, molecular, and condensed matter physics and chemistry (see [9] ).
Analyzing the tunnel effect under general boundary conditions and interaction potentials, in one and several dimensions, is a complicated matter as one needs to solve the Schrödinger equation [10] , which is not possible in a general analytical way. In such scenario the need of semiclassical techniques for studying the process of quantum tunneling is not only desirable but imperative, serving also as a direct path to implementing numerical methods and provide physical insight into the very complicated nature of quantum systems by exploiting the intuition gained from classical physics.
We analyze the quantum tunneling by means of a semiclassical approach of quantum mechanics [11] which resembles the description given by Bohm [12] , in which the evolution of the system is given by an ensemble of trajectories. An appealing feature of the Bohmian description is that one can impose initial conditions for the trajectories, just as in any classical dynamical system, thus allowing the determination of several features of the system and its evolution, like the time of tunneling (or time of reaction in some application processes). As Bohm's mechanics is based on an ensemble of trajectories the information of such system is subject to statistical fluctuations. We employ an alternative approach based on one-particle trajectories in an extended phase space given by expectation values of quantum observables and higher order moments. A similar method has been used in quantum chemistry [13] where ionization and chemical reactions are studied. The interaction between the expectation values, which can be interpreted as classical canonical dynamical variables, and the momenta and dispersions trough the coupled equations of motion generically lower and modify the classical barrier, in this way one can interpret in a natural manner reflection, the crossing or even the"trapping" of the classical particle under such a potential, behavior not shown in the classical setting.
In this model one can study, for instance, which of the individual trajectories pass trough the barrier even if at a later time it crosses back or even gets trapped, as we will show. Although quantum trajectories are not experimentally observable, one can still extract valuable information from this qualitative tunneling that could be used in several ways, for example, in designing quantum control experiments involving tunneling. This model has also been proved effective for a semiclassical description of several quantum cosmological models [14] , and more recently it provides a very interesting tool in analyzing the concept of tunneling times [15] .
Our manuscript is organized as follows: in section 2 we describe the momentous semiclassical description of quantum mechanics, the semiclassical effective description of a quantum system as a Hamiltonian dynamical system of expectation values and dispersions with infinitely many degrees of freedom. In section 3 we describe the model for which we want to study the tunnel effect, its description in terms of effective momenta and the classical potential barrier. In section 4 initial conditions for the evolution of the system are given whereas in section 5 we solve the system numerically and describe the behavior of the system in terms of effective trajectories and the interpretation of the transmission and reflection. In section 6 we provide a discussion of our results and propose several future extensions of our proposal.
Effective dynamics of quantum systems: Momentous quantum mechanics
Despite the successful impact of quantum mechanics in the development of science and technology, in the core of its very definition is the fact that it is probabilistic in nature. This fact, together with its intricate dynamics, make the study of general systems very involved, making the use of semiclassical approximations a very useful, and some times necessary tool. Semiclassical approximations are of importance in order to extract new effects or potentially observable phenomena in regimes in which quantum features are relevant. Several such approximations have been developed [9, 13] , specially the one known as semiclassical momentous quantum mechanics [11] .
This formulation provides a system of semiclassical equations that are equivalent to the full quantum description. One obtains an effective Hamiltonian from which equations of motion may be derived, treating expectation values of observables, their associated momenta and dispersions as classical configuration variables. Quantum fluctuations are introduced as a set of new semiclassical dynamical variables, defined as
where x ≡ x and p ≡ p , and the subscript indicates that the operators inside the brackets are Weyl ordered. We obtain, thus, a classical evolution that gets quantum back-reacted by the quantum variables (or dispersions) and therefore modified. The quantum dispersions are not completely arbitrary, they are subject to generalized uncertainty relations such as
.
(2) G 2,0 and G 0,2 are the standard dispersions ∆x 2 and ∆p 2 , and (2) simplifies to the usual uncertainty principle for pure states [10] . Evolution is obtained in the usual way, by evaluating Poisson brackets of variables and momenta with the quantum effective Hamiltonian, defined as the expectation value of the standard Hamiltonian operator
where H(x, p) is the classical Hamiltonian. Equations of motion are obtained in the Hamiltonian formulationḟ = {f, H Q }. Quantum variables G a,b are now dynamical, as the classical ones (x, p). It is evident that, for general systems, one gets an infinitedimensional dynamical system that, however complicated, provides a full description of the system. To obtain equations of motion for momenta we need to compute their Poisson brackets with the quantum-corrected Hamiltonian: for systems with one degree of freedom we get
{p, G a,b } = 0.
The Poisson algebra for the moments was obtained in general in [14] {G
where the sum runs over odd numbers from n = 1 . . .Ñ , with 1 ≤Ñ < min[a + c, b + d, a + b, c + d], and the coefficient is
This method has been succesfully applied to several interesting physical systems, most notaby to the quantum harmonic oscillator, where it was shown that the ground state energy is added to the classical Hamiltonian [11, 16] , and also to anharmonic systems where adiabatic approximations were proven useful. It has also been applied to the isotropic and homogeneous model in loop quantum cosmology [17, 18] , and to study different cosmological models with matter [19] , cosmological constant, among others.
It is also posible to generalize the above formulae for systems with more than one pair of canonical conjugate variables, however for the purposes of our analysis the description with one degree of freedom will suffice (see [14] ). We present this generalized analysis in the appendices.
Classical description of the tunnel effect
We want to analyze the tunnel effect for particles scattering off a potential barrier, a system with one degree of freedom, so we will describe the classical scenario. This will make clear different aspects we will exploit when we study the quantum case. We consider smooth potentials in our effective description (3), although general potentials can be used. The system consist of particles of mass m in the presence of a family of potentials of the form
with height α/a 2 n at q = 0, a being the width of the potential. It can bee seen in figure  1 that the larger n the more the potential looks like the standard potential barrier. 
with Hamiltonian H = p 2 2m + V (q). Classical return points are given by the condition
Classically there exists no tunneling since a particle incoming from the left will bounce back from the potential whenever E < V 0 or pass over the barrier when E > V 0 , in this form the particle does not go "through" the barrier. Even so we will discuss the classical evolution in this scenario in order to give more clarity to the quantum semiclassical treatment, as we mentioned above.
Equation (10) gives
for γ ≥ 1. There are no analytic solutions to this equation for arbitrary values of n and α, so we perform a numerical analysis. It is possible, however, to obtain an approximate expression for q(t) in the limiting case when γ = 1 given by
where q = |q/a|, q • = |q i /a|, q i are the initial positions of the particle and 2 F 1 is the hypergeometric function.
Classical evolution can be obtained by numerically solving the equations of motion above. In figures (2)-(5) we present trajectories for γ = 1 and γ > 1, keeping the other parameters fixed. Different classical behaviors for particles can be seen from the trajectories: for the critical case, (γ = 1 ⇐⇒ V 0 = E) there is no barrier penetration, all the particles approach the return point and their momentum vanishes, both asymptotically. For the classical forbidden region, (γ > 1 ⇐⇒ V 0 < E) the reflection is total, trajectories bounce back off the barrier and the momentum changes sign. It is dynamically irrelevant the initial position and the time it takes the particle to reach the potential, but at the quantum level it will prove essential. We will come back to this latter on.
Semiclassical evolution

Semiclassical description
We proceed to investigate the interaction, at the quantum level, of the particles and the potential barrier by analyzing their trajectories, as we did for the classical particle in section 3. To this end we use the formalism presented in section 2. First we write the quantum corrected Hamiltonian (3)
As we mentioned earlier, quantum dynamics is replaced by a Hamiltonian system with infinitely many variables, two conforming the classical phase space (q, p) and infinitely many quantum dispersions acting as corrections in H Q . The equation of motion for p, equation (11), gets corrected as followṡ
while the equation for q does not change.
The system conformed by equations (10), (16) , those for the momenta G ab , and suitable initial conditions is what we require to study the evolution of the system and the tunnel effect. However, as we mentioned above, the dynamical system consists of infinitely-many differential equations which, given the form of the potential (9), it is impossible to solve analytically. In order to analyze the evolution we will perform consistent truncations in the dispersions and derive conclusions therein.
Second order truncation
Let us consider the second order ‡ subsystem of (3). The effective Hamiltonian reads
From this we obtain the equations of motioṅ q = p m ;
As we mentioned earlier, the dispersions also satisfy the uncertainty relation (2)
The effective Hamiltonian (17) generates a (semi) classical dynamical system, for one can show it is conserveḋ
It is possible to define an effective potential, as is customary in classical mechanics [20] V
The effective potential is convenient because one can interpret the various types of evolution for the system in terms of this dynamical, quantum-modified potential, in a similar way as in [21] .
We can see that the quantum dispersions strongly back-react the dynamics of the classical system, making the evolution non trivial. Even though we were able to obtain a (semi)classical effective Hamiltonian with augmented degrees of freedom it is, even at this second order approximation, not analytically solvable, and a thorough numerical exploration is required, as we will describe.
Gaussian wavepacket
In order to perform a numerical evolution for the second order system (18) it is necessary to provide initial conditions for the dynamical system q 0 = q t = 0 ; p 0 = p t = 0 ;
We propose, for the quantum dispersions G a,b , an initial gaussian state from which we determine expectation values as needed [22] . That is
with q 0 its peak value and σ 0 = G 2,0 0 its standard deviation. Its probability density is
In this way initial conditions for the momenta G 0,2 , G 2,0 and dispersion G 1,1 can be implemented from the parameters above
thus
The simplest and physical way to fulfill the initial conditions above is by satisfying the lower bound for the uncertainty relation (2) , that is
Numerical evolution
We are ready to analyze the evolution of the system at the order we are considering, driven by the system (18) . For generic potential barriers of the form (9) it is not possible to obtain analytical solutions, as stated before, but we can implement a numerical evolution and study its behavior. We show that it is possible to determine not only the transmission coefficients in a very natural and direct way but we can also determine semiclassical trajectories at the same level of those in the Bohmian formulation of quantum mechanics [12] . Equipped with initial conditions (26) we generate trajectories for particles incident from the left at the barrier, with energy E 0 . We also need initial conditions for the classical configuration variables (q, p), discussed below. Evolution is restricted to physical trajectories, that is, those constrained by the uncertainty relation (2) .
Tunneling is attained when the particle reaches points beyond the classical return points x (12), for which we have two types: one where the particle goes beyond x > 0 on the right and can (potentially) be detected, and a second where the particle gets "trapped" inside the potential, |q| < x, as has been discussed in the literature (see for instance [21] ). Initial conditions are obtained for quantum dispersions by preparing gaussian packets with parameters (q 0 , p 0 , σ 0 ).
Transmission (and reflection) coefficient can be defined in an intuitive way: it is the fraction of trajectories passing trough the points of return, that is
We work in units of = 1.
Total reflection
Three different generic behaviors are obtained. The first one shows the evolution of particles that are totally reflected, just as in the classical case. In figures (6)- (14) we show classical trajectories (blue) and semiclassical ones (red) for fixed parameters. Particles whose energy lies below the classical potential, γ > 1, get reflected at points to the left of the classical return point. It is so because they interact with the effective, time dependent, potential that gets widen from the classical one, as we will show in the next section.
Tunneling
A second distinctive behavior is when particles interact with the potential barrier and pass through to the right, displaying its true quantum behavior and effectively tunneling. It can be appreciated in figures 15 -23 Once again the interaction with the effective potential seemingly occurs before the classical left turning point, as in the previous case.
In order to provide a more detailed comparison between the classical and quantum behavior we show the semiclassical trajectories bounded by its dispersion (shown here as a blue shadow), q(t) ± G 2,0 (t), for n = 6. 
Trapping
In the previous subsections we showed particles whose trajectories are totally reflected, as in the classical case, and those tunneled, as only in the quantum regime can occur. There exists a third behavior though, a very particular one, when particles get "trapped": nor reflected nor transmitted. These particles, classically, would be either reflected or remain at the turning point in an unstable equilibrium for the case γ = 1, however at the quantum level it appears as if they got trapped inside the barrier. Interestingly enough is the kind of trajectory they present, the bounce back and forth as if trapped inside a kind of harmonic potential, whose explanation can be given in terms of the effective potential defined above. Figures (27)-(38) show the trajectories and the uncertainty in the position, contrasted with the classical behavior. Although possible this kind of behavior is characterized by a high uncertainty making it very unstable. In the next subsection we explain what is the final faith of such particles.
An interpolating curve for the semiclassical transmission coefficient is also shown in Fig.39 by making use of (28) for α = 1 and E = 0.98 (γ = 1/E) 
Effective potential dynamics
The results obtained in this section can be interpreted, in the light of our semiclassical treatment, by analyzing the dynamics generated by the effective potential (21) . We look specifically the case n = 4 since it is particularly illuminating and it contains all the features of higher order cases. In fig. (40) we show the classical potential in dashed blue and some sections of V eff (q, t) at several constant times whereas in 3 dimensions n=4, E=0.75`, σ 0 =0.6`. We can give an interpretation for the different trajectories shown in this work in following way: the classical potential (9) gets modified due to the quantum back-reaction
, of the quantum dispersions, and V eff (q, t) moves away from the former. For t = 0 it is higher than the classical but it gets lower in height for a short period of time, then it bounces up in a symmetrical way and for later times it acquires two new regions of minimal potential where stability can be attained. Incident particles coming from the left encounter the potential at different heights depending on initial conditions in three possible ways (i) Potential higher than the incident energy: the particle gets reflected;
(ii) Potential lower than the incident energy: if the particle travels the potential while it remains lower than its energy then the particle can go through the potential and emerge on the right and effective tunneling;
(iii) Potential lower than the incident energy: the particle penetrates the potential but, as the later increases its height the particle gets trapped in one of the two potential minima.
Indeed, there is a window for transmission if the particle penetrates the barrier and goes through it for a shorter period of time than that taken for the potential barrier to grow higher than the particle's energy. This also explains the existence of trapping in between the two potential valleys where the particle bounces back and forth, the particle was able to penetrate the barrier from the left but the potential grew enough so that it bounces back from the right wall.
We illustrate this in the following density plots: In Fig.42 a particle incident from the left gets reflected by V eff (q, t) as the potential is higher than its energy, whereas in Fig.43 the particles tunnels through the effective potential whereas its peak is lower than V eff (0). Fig.44 and Fig.45 show the tunneling and trapping of particles inside the two valleys of V ef f . As can be seen, when the particles get trapped inside the potential they behave as classical dynamics dictates, they oscillate around the minimum of the potential. The final faith of the particle is completely probabilistic, due to the uncertainty in the position it is not posible to tell exactly how it is behaving but it will reflect from the barrier if it was trapped in the left valley while it tunnels away if it was trapped in the right valley.
Discussion
The detailed physical process of tunneling, a genuinely quantum mechanical effect is usually studied in standard quantum mechanics by means of time-independent or semiclassical methods, such as the WKB, or in a numerical way by computing transmission-reflection coefficients for the system under scrutiny. In this work we have studied the tunneling under a more detailed semiclassical approach, momentous semiclassical mechanics, where one is able to obtain effective individual trajectories for particles thus providing a more intuitive description of the process. These "effective trajectories" resemble those generated in Bohmian approaches of quantum mechanics ( [23, 24, 13] ).
We were able to generate numerically trajectories of particles for general initial conditions as well as dispersions and momenta that back-react on the classical evolution. In this way one can determine which particles will tunnel through the barrier or reflect from it, but it is also posible, in principle, trace back the original preparation of the system or experiment by measuring or detecting the fraction of transmission, thus providing an interesting experimental tool. In our formulation the definition and determination of transmission and reflection coefficients is very natural an physical by counting those trajectories that actually get transmitted or reflected, there is no need of further assumptions. However, as attractive our results may appear, it is important to mention that we do not obtain a completely deterministic evolution for the particles, the behavior of individual particles is subjected to uncertainty due to the dynamical nature of quantum dispersions showing the ultimate quantum nature of the formulation.
Another noticeable result obtained from this effective formulation of quantum mechanics is that there are three different possibilities for a particle to evolve, they can tunnel the barrier, reflect from it or get trapped inside the potential. This last behavior is due to the fact that the classical potential barrier gets modified, lowered in particular, by the back-reaction of the quantum dispersions, rendering an effective quantum potential, in a total resemblance with the quantum potential obtained in the Bohm formulation [21] . At the beginning of the evolution the effective potential gets lower from its initial value, then it gets higher and modified in such a way that it acquires two valleys of potential; there exists a time interval for which a particle can actually live inside the potential. This behavior is short lived, due to quantum fluctuations the particle ultimately either tunnels away or gets reflected. Certainly this effective potential is worthy of further studies due to the posible implications in several fields [25] .
It is possible to compute the time needed for a particle to effective go through the barrier, the so called tunneling time, although further investigation needs to be done in this matter due to the existence of uncertainty in the evolution. A first discussion in this path has been done in a recent work for a type ionization experiments [15] . It is our opinion that this work may be an interesting starting point for research at an applied level. Even though quantum trajectories are not experimentally observable nor measurable the information our formulation provides can be used as a tool to study experimental processes and phenomena whenever quantum tunneling is present, fields such as quantum control experiments [26] , multielectron and ionization experiments [27] among others. It was brought to our attention that the modification of the effective potential and the trapping of particles by the effective potential may have implications in resonant tunneling diods where the capture of electrons between potential wells is an important feature [28] . Our description is not complete, however, it is an approximation in the sense that it is not possible to solve the whole system in general, even so we consider that it is interesting in its own right as a ground where some predictions or hypothesis could be tested.
Appendix A. Third order evolution
We show the evolution of the system with effective Hamiltonian (15) Below we show trajectories for the three cases: reflection, tunneling and trapping, and trajectories with uncertainty for transmission and trapping. Notice that, at this order, the behavior is quite similar to that at second order. For the effective potential and the three semiclassical regimes we obtain, at third order We obtain the same behavior for trajectories at third order in comparison to those at second order in momenta, under the same set of initial parameters, with an absolute error between them of the order of 5%. For the purpose of analyzing the tunnel effect within the effective momentous method presented here one can restrict the study to second order with a high order of accuracy.
